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AN ELEMENTARY EXPOSITION OF GRASSMANN'S "AUSDEH- 
NUNGSLEHRE," OR THEORY OF EXTENSION. 



By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 



[Continued from November Number.] 

CHAPTEK IV. 

COMBINATOKY MULTIPLICATION. 

35. Definition. — A product containing only units of the same system as 
factors and such that if the last two factors (called simple factors) are inter- 
changed the sign of the product is changed is called o combinatory product. 

Thus if E (not equal to 0) is a product of units and e, , e^ are units, and 

the product [i?e,ej] is a combinatory product. 

36. In the combinatory product [Abe'] in which A in any product of a series 
of factors and b and c are simple factors if b and c are interchanged, the sign of the 
product is changed. 

Proof. 1. Suppose b and c at first to be units. Since A is any series of 
factors and these factors are numerically derivable from the units, we may write, 
after removing the coeflBcients (by 28), A=2arEr, where Er are products of the 
units. Substituting 

[Abc-\->r[Acb-\^_2a^Er.bc'\+[2arE,..ch']=:2a^[EM'\+2oiA.ErCb-\ (29) 

=2a^{[EM]+\.E^b-]} (16, 11) =-0 (36). 

2. Next supposing b and c to be not units but numerically derivable from 
them. Let b=2^,.er, c=2y,.er. Then 

[^ 6c] + [.4 C6]S[^ . SlirCr. SyrCr] -hi A. ^Yr^r- -^/Vr] 

=:Sfirn[Aere,-\ + 2rM^e,er] (28) 

=2^,r,{\Aere,-i+[Ae,er]} (16) =0 (by 1 above). 

37. In a com,binatory product one can interchange any two successive simple 
factors providing the sign of the product be changed, that is to say 

[AbcD]+lAcbD]=0, 

where A and D are any factor series, and b and c are simple factors. 



[AbcD]+[AcbD]^[{Abe}D]-i-[{Acb}D] (13, Eem.) 

=[([^6c] + [^c&])Z)] (25) =0 (36). 

38. In a combinatory product one can interchange any two simple factors by 
changing the sign of the product. 

Thas, Pa,b=—Pb,a- 

Pbooi'.— rSnppose n factors lie between a and b. Then n interchanges of 
adjacent factors will bring 6 into position next to a. After that n-\-l interchanges 
of a with adjacent factors will but h in a's place and a in b's place. Thus there 
would be 2n+ 1, or an odd number of changes of sign (37), Hence, 

39. Definition. — If each of two series of quantities contain a and 6 once 
and but once and a stands before b iti both or after b in both, then these quanti- 
ties in those series are said to be similarly arranged; otherwise they are said to 
be oppositely arranged. 

40. Two combinatory products, which contain the same simple factors but in 
diffe^'ent order, are equal to each other or opposite in value according as the number 
of oppositely arranged pairs of factors is even or odd. 

Thus, Q=( — lyP, where P and Q are the two products and r is the num- 
ber of oppositely arranged pairs of factors. 

Peoof. — If every pair of adjacent factors in Q were similarly arranged in 
P and Q, then, evidently, P and Q would be identical, and there would be no 
oppositely arranged pairs of factors in the two. If then there are oppositely ar- 
ranged pairs of factors in P and Q, there must be at least one pair of factors ad- 
jacent in Q, which, as compared with the same in P, is oppositely arranged.. 
Suppose after this pair of factors is interchanged in Q we call the result Q, . Then 
Qj=^— Q. (37). Evidently P and Q, will have one less pair of oppositely arrang- 
ed factor pairs than P and Q. Thus if r was the number at first, Q^ and P will 
have r— 1 such pairs. If r is not 1, there must be another such factor pair in Q, 
and P. Repeating the operation we get Qs=(— 1)*Q. If therefore there wesrer 
oppositely arranged factor pairs at first, 

Q=(-l)'-P. 

41. If B is a combinatory product containing r factors and one containing 
s factors, then 

lABC]=(-iy[ACB]. 

PftooB!. — Let C=CiCj c,. Then since there will be a change of sigfe 

(37) each time c, interchanges with one of the r factors of B, 

[ABc^Ct . . . . . .cj±=(-l)'-[^c,PcgC, .... ..c,-]={-iy(-ir[Ac,c,Bcg cj 

=(-l)"-[^c,CgC, c.B]=(-~iy[ACff]. 
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42. If A, B, C are products containing respectively q, r, s factors, then from 
the preceding article it is plain that 

IABC]={-1 )'-«+»9+ v-[CBA]. 

43. If two simple factors of a combinatory product are equal, the product is 



zero. 



Proof.— Pa, b+Pb, 



.(38). 



Then, if b=a, P„,a==0. 

44. A combinatory product equals zero if a numerical relation exists between 
its simple factors. 

Let a^=i=a^a^-\-a^ag+ «'««».. Then 

la, «S ffl»,]=[(«'s«2 +«i»«3 + • • «'mO«.)a2a8 M 

==«s[«2«sa3 ''wJ+^'sC^s^s^s On>]-\- (29) 

=0+0+ (43) . 

45. The combinatory product of n simple factors which are numerically de- 
rivable from the n quantities a, , o^, . . a„ equals the determinant formed from 

the numerical coefficients in their values times [aiCtt a„]. Thus 



[("l ,«! + • - • • «"»!<'•»)(«', gff, + ^ngOn) («,„0, + . 



• ^nn^njj 



[«1«3"3 



■ a,,]. 



For, the product on the left side equals by (28), 

•2a', J u/i or„„la/}, a„] , 

where the n subscripts s, t, w assume in turn all the values from 1 to n. 

Now those terms of the distributed product in which two or more of the a's are 
equal disappear by (43). There remains then only those terms which contain 
all the a'a used each once. We have now 



[a,a, 



««.]=( — 1 )'■[«, asfts a«] • 



.(40), 



where r denotes the number of pairs of factors in the left member oppositely ar- 
ranged as compared with [a,ajOj «„]. But this is the law which deter- 
mines the sign of any term of a determinant. See e. g. Salmon's Higher Algebra, 
§8. 
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46. Definition. — By the multiplicative combinations of a series of quanti- 
ties are meant those products which are their combinations without repetition. 
The simple factors are called the elements of the combination. 

47. Every combinatory product of m factors which are numerically expressed 

in terms of the n independent quantities a^, a^ a„is numerically expressible 

in terms of the multiplicative combinations of the mth class of a^ a„, and each 

of these combinations has for its coefficient the determinant formed out ofthem^ nu- 
merical coefficients belonging to its m elements. Thus, 



[2a„a„.2i%bi, ]=2 



[OrOs . 



where r<s:< 

Proof. — Evident from that of Art. 45. 

48. Ifa^.... an are independent, then their multiplicative (combinations 
of any particular class are independent. 

Peoof. — Let aA-\-i3B+ =0, in which A, B, are the multip- 
licative combinations of any one class formed out of a, a„, and a, /? 

are numbers. Let ns multiply the equation through by A', the product of all 

the factors not found in A. Then B, C, would each contain one or more 

of the elements of A', and the products [5J'], [0.4'], would each equal 

zero (43). Then we have a[y4^']=0. Now, [^4.4'] is not equal to zero. Hence 

a=0. In the same way we can prove that /?, j-, must each equal zero. 

Hence there can be no such equation as aA-\-^B-{- =0, which expresses a 

dependence between A, B, Thus, A. B, are independent. 

49. A combinatory product remains constant when to any simple factor an 
arbitrary multiple of another is added. 

Pkoof.— P„, 6+,«=P„, 6+9/*„, „ (29) =P„, 6 (43). 

50. Definition. — If from a series of quantities a second is derived by add- 
ing to any quantity a multiple of an adjacent quantity, then the first series is 
said to be changed into the second by a simple linear alteration. If the operation 
is repeated it is called a multiple linear alteration. 

From what we saw in 49, it appears that the value of a quantity is not af- 
fected by linear alteration. 

5L Definition. — The multiplicative combinations of the original units of 
the mth class is called a unit of the mth order, and a quantity numerically de- 
rived from such units is called a quantity of the mth order. 

The space derived from the simple factors of a quantity (17) is called 
the space of this quantity. A quantity is subordinate to another if its space is. 

52. Definition. — The outer product of two units of a higher order is ob- 
tained by merely uniting their simple factors into a combinatory product. 
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Thus, [(e, gj e,„)(em+i «„)]=[« , e^ ..... . e„] . 

53. In order to multiply two simple quantities, [ah ] and \_cd ], 

it is sufficient to unite their simple factors taken in order into a single combinatory 
product [ab cd ]. 

Peoof. — .Let 6) 6„ be the original units, and let a=2a„ea, b^=2(ib^i„ 

c^'Syfic. d=2Baea. Then 

l(ab )icd )-]=l(2a^e„.2iS,e, )i2r,e,:.2Saea. . ... . . )] 

=[2{<r„A [eafi]}2(rX [eo«d]}] (28) 

=2{a^^i r,Ba- [(e«e» )(eoQ )]} (28) 

=S{a„i% r,Sa [«„«6 CeCa ]} ..(52) 

^[2iy„e„. .2;/Sjf>j 2>^e,. 2Baea . ] (28) 

=[ah cd ]. 

54. CoBOLLARY TO 53. — If a simple quantity A is subordinate to B (18), 
then B may be written 5=[4C], where C is a simple factor. 

55. To show that [A(BC)]==[ABC}, i. e. to show that the associative law 
holds. 

Peoof. — 1. When A, B, and C are the products of simple factors, the 
truth of this case follows readily from 53. 

2. When A, B, and C are sums of simple quantities, A=2Aa, B==2Bi„ 

0:^20,. 

[^A(B0)M^A-A2B,2C,)}=2[Aa{BiC,)] (28) 

=2[A„B,C,] (By 1, above) =[2^„.25».2C'J (28) =[ABC]. 

[To be Continued.] 



A SOLUTION OF THE OBLIQUE TRIANGLE GIVEN TWO SIDES 
AND THE INCLUDED ANGLE. 



By H. C> WHITAKER, Ph. 0., Professor of Mathematics, Haqual Training School, Philadelphia, Fa. 



Take the data to be b, c, A. 

picotA 4-cotjB)=c. 
Divide by p=6sin^ and transpose cot J^. 



